Abstract. The SU(3) irreducible representations (irreps) are characterised by the (λ, µ) Elliott quantum numbers, which are necessary for the extraction of the nuclear deformation, the energy spectrum and the transition probabilities. These irreps can be calculated through a code which requires high computational power. In the following text a hand-writing method is presented for the calculation of the highest weight (h.w.) irreps, using two different sets of magic numbers, namely proxy-SU(3) and three-dimensional isotropic harmonic oscillator.
Introduction
The exact interaction among two individual nucleons is not yet known. Therefore effective interactions are used in the variety of nuclear models, which all aim to solve the nuclear many body problem. These interactions can be sorted into three categories. The first one is the interaction of a nucleon with the mean field created by the rest of the nucleons in the system. This mean field in the SU(3) models is represented by a three dimensional (3D) isotropic harmonic oscillator (HO) potential. The second category is the quadrupole-quadrupole (Q · Q) interaction, which is used for deformed nuclei and it is the long range part of the nucleon-nucleon potential [1] . The third category is the pairing force. The Elliott SU(3) model [2] , [3] , [4] is using the 3D isotropic HO potential as the leading interaction and the quadrupole-quadrupole (Q · Q) interaction as a secondary term, which creates deformation. Hereafter the capital letter Q will be used for the whole nucleus, while q will denote the single particle operator.
The SU(3) algebra has two quantum numbers, namely (λ, µ). These numbers are sufficient for defining the eigenvalue of the SU(3) second order Casimir 
This operator is related to the Bohr-Mottelson deformation variable γ through [6] γ = tan −1 (
Furthermore the Casimir operator is connected with the Q·Q interaction through (par. 7.1.5. of [5] )
where L is the angular momentum. A basic SU(3) Hamiltonian is
with χ being the strength of the Q · Q interaction and
). Therefore the (λ, µ) quantum numbers are crucial for defining the deformation and the energy of the nucleus.
Hand-writing method for the highest weight irreps of SU(3)
The procedure for the calculation of SU(3) irreps involves Gel'fand-Tsetlin triangles and it is described very well in ref. [7] . This reference is accompanied by a code, which reproduces all possible irreps. But if one wants simply the h.w. irrep for a nucleus without running the code, it is safe to use the following method.
Let n = n x + n y + n z be the total number of quanta for the isotropic 3D-HO problem. The eigenfunctions of the 3D isotropic HO problem, i.e.H = i=z,x,y (
) in the Cartesian coordinate system are |n z , n x , n y . For n = 3, 10 orbitals of this type emerge (thus the corresponding algebra is U(10)):
The order of the orbitals is very important for getting the right results. First comes the orbital with n z = n, followed by the orbitals |2 , |3 , which have n z = n − 1. Among them, |2 gains priority against |3 , because it has more quanta in the x-axis. Similar rules apply to the orbitals |4 , |5 , |6 etc.. 
The Gel'fand-Tsetlin triangle
Each orbital can be occupied by two protons (neutrons). The question is how k particles are distributed into N orbitals? There is a variety of combinations, each of them leading to an irrep characterised by a set of (λ, µ) quantum numbers of SU(3). In many cases multiple different distributions result to the same irrep. Mathematically the way to explore all these distributions is the Gel'fand-Tsetlin pattern [8] . The pattern is simply a set of numbers, arranged in a triangular shape, following a basic rule: the numbers must not increase along all the red and green parallels of Fig.(1) . Each combination of numbers that does satisfy this simple rule corresponds to a particle distribution.
For the U(10) algebra the Gel'fand-Tsetlin (GT) triangle is an equilateral triangle, filled with 10 numbers on each side ( for e.g. Fig. (2) ). These numbers can be 0, 1 or 2 since each orbital can be occupied with up to 2 protons (neutrons). Let start counting the horizontal lines i (with i = 1, 2, ..., N for a U(N) algebra) of the triangle from bottom to top, so as the i th line to be filled with i numbers. Let also S i to be the sum of numbers in each line, which equals to the number of nucleons that have been placed up to the i th orbital. For instance S 4 shows how many nucleons have been placed in orbitals |1 , ..., |4 . For k valence protons (neutrons) the first are all equal to 2 and along the rest red parallels are equal to 0 (e.g. Fig.(2) ). The weight vector is w = (w 1 , w 2 , ..., w 10 ). By definition
Each of these w i is the occupation number of the i th orbital. Highest weight irrep has the maximum possible occupation number (w i = 2) for the first k 2 orbitals.
Proxy highest weight irreps
Over the years there has been a doubt on which irrep reflects to the ground state band. The two candidates are the h.w. irrep and the one with the largest eigenvalue of C (3) is a measure of Q · Q interaction, which minimises the energy. Therefore the argument is that the irrep with the greatest eigenvalue of C (2) SU (3) gives the lowest energy. On the other side research on binding energies revealed, that the short range character of the nuclear force favors the irrep with the most symmetric spatial wave function [9] . This irrep proves to be the h.w. [10] . Furthermore this irrep predicts right the prolate-oblate shape phase transition point [11] .
So the question what is the meaning of the highest weight irrep arises. The h.w. irrep is a specific filling order of the orbitals with nucleons. The orbitals are characterised by the n ⊥ = n x + n y quantum number. Each set with specific n ⊥ is created by n ⊥ + 1 orbitals. For instance three orbitals (|4 , |5 , |6 ) have n ⊥ = 2.
The filling order can be better understood in two steps: First are sorted the orbitals with increasing value of n ⊥ = 0, 1, 2, ..., n. This favors the orbitals with maximum eigenvalue of the m = 0 component of the quadrupole moment spherical tensor i.e.q 0 = 2n z − n ⊥ . In such a case the length of the z axis is preferred to be maximum, when compared to that of the other two axes. So it favors the prolate cylindrical shape. Secondly inside each block with specific n ⊥ priority is given to one axis, let it be named x (the axes x and y in cylindrical symmetry are indistinguishable), so as the length of the x axis to be maximum, when compared to that of the y axis. This ordering favors triaxiality. In general the h.w. irrep favors deformation.
The proxy-SU(3) symmetry has been recently proposed in refs. [11] , [12] . An approximation is made, in order to restore the SU(3) symmetry, destroyed by the spin-orbit (l · s) interaction. Because of this approximation, the intruder orbitals invading a nuclear shell from above are replaced by orbitals bearing similar quantum numbers, which however have one less quantum in the z-axis. The resulting proxy-SU(3) shells are 28-48, 50-80, 82-124,...
As an example, the calculation for 72 34 Se 38 will be presented. The 34 protons lie in the shell 28-48, thus this nucleus has 6 valence protons. The corresponding GT triangle is on Fig. (2) . Thus w = (2, 2, 2, 0, 0, 0, 0, 0, 0, 0). This means that the orbitals |1 , |2 , |3 are occupied with 2 protons each, while the rest are empty. The next step is to sum the number of quanta in each of the three 
Finally the proton irrep is (λ 1p , µ 1p ) = (12, 0). The 38 neutrons lie again in the 28-48 shell, which means that this nucleus has 10 valence neutrons. The corresponding GT triangle is Fig. (3) . Thus the weight vector is w = (2, 2, 2, 2, 2, 0, 0, 0, 0, 0). So the valence neutrons occupy the first five orbitals: |1 , |2 , ..., |5 . The summation of quanta gives n z = 2·3+2·2+2·2+2·1+2·1 = 18, n x = 2·0+2·1+2·0+2·2+2·1 = 8 and n y = 2·0+2·0+2·1+2·0+2·1 = 4. Therefore [f 1 , f 2 , f 3 ] = [18, 8, 4] . The neutron irrep is ( λ 1N , µ 1N ) = (10, 4) .
Then the total proxy-SU(3) h.w. irrep is
which for 72 34 Se 38 is (22, 4). Using eq. (2) for this irrep gives γ = 9.64
• . Since this value is much lower than 30
• , the nucleus in such a state is prolate.
Comparison of the h.w. with the leading irrep
In the previous example in 72 34 Se 38 it became clear that the 10 valence neutrons occupy orbitals |1 , |2 , |3 , |4 , |5 . This irrep is simultaneously h.w. and leading, because it happened to have the greatest eigenvalue of the C The weight vector of the corresponding GT triangle (Fig. (4) ) is w = (0, 0, 0, 0, 2, 2, 2, 2, 2, 2), which means that the 12 particles are now distributed in orbitals |5 , |6 , |7 , |8 , |9 , |10 . Following the procedure for the extraction of the irrep one gets that n z = 4, n x = 14, n y = 18. These summations are an approximate measure for the length of each axis, since in the HO mean field potential using the Virial Theorem it is derived that < x 2 >= mω ( n x + 1 2 ). Thus the nucleus in this irrep has two axes (x, y) elongated, when compared to the z axis. Obviously this state corresponds to an oblate shape. As a result the leading irrep predicts a prolate-oblate shape transition in the mid shell. But it is well known through experimental data that the prolate-oblate shape transition occurs after mid shell regions. It is convenient now to compare the particle distributions of the leading irrep:
|1 , |2 , |3 , |4 , |5 , 10 valence particles in U(10) for both h.w. and leading, |5 , |6 , |7 , |8 , |9 , |10 , 12 valence particles in U(10) for leading irrep.
It seems that, by following the leading irrep, the addition of the 2 more neutrons in orbital |6 , causes a huge displacement of 8 particles from the orbitals |1 , |2 , |3 , |4 to the orbitals |7 , |8 , |9 , |10 . So the leading irrep is accompanied by tremendous particle rearrangements in the orbitals, every time 2 more particles are added in the shell.
On the contrary the h.w. irrep is not causing any particle displacements. Since the 10 particles have already occupied the orbitals |1 , ..., |5 , the additional pair of 2 neutrons is being placed to one of the orbitals |6 , ..., |10 , which is furthermore compatible with the GT triangle. Among the possibilities which respect the GT pattern and cause no particle displacements of the 10 previous neutrons, the chosen one is that of the greatest value of the C (2) SU (3) . To conclude, although the leading irrep would result to a lower energy it seems that it is blocked by the previously placed particles. Indeed the prolateoblate shape transition after the mid shell indicates, that the particles follow a smooth distribution in the orbitals, without serious rearrangements.
Shape coexistence
Shape coexistence appears when a nucleus has two low lying 0 + energy bands close to each other, each of them exhibiting a different shape. The lowest in energy is the ground state band and the other is the excited one. Much experimental and theoretical work has focused on this phenomenon and research is still ongoing. The review articles [13] , [14] present much of this effort. The leading theoretical approach for shape coexistence up to date is via particlehole excitations [15] . This method is very successful in nuclei with Z (proton number) being a magic number, but in open shell regions the particle excitation mechanism cannot be the explanation (page 1486 of [13] ).
It is remarkable that experimental manifestations of shape coexistence (see Fig. (8) of [13] ) stop suddenly at a proton or neutron harmonic oscillator magic number, i.e .2, 8, 20, 40, 70, 112, 168, 240 ,... The best examples are Fig. (9) from ref. [13] and Fig. (3.10) from [14] . These figures present the energies of the various bands versus the mass or neutron number for the isotopic chains of Hg and Sn. Two observations become obvious: firstly that the excited 0 + band of shape coexistence stops suddenly that 110 neutrons for Hg (just before the HO shell closure) and at 70 neutrons for Sn (HO shell closure) and secondly that the minimum of the excited band is at 104 for Hg and at 66 neutrons for Sn, both of them being the mid shell regions of 82-126 and 50-82 shells respectively. Thus both magic numbers Proxy and HO should be considered for the explanation of shape coexistence. The irreps for the two sets for 28-50 shell are displayed in Table (1) .
The previous hand-writing method is suitable for the calculation of the h.w. irrep, which corresponds to the ground state band. Another excited band can indeed be the outcome of particle-hole excitations. For instance, in In the shell model it is the l · s interaction that has separated the 20-28 nucleons from the 28-40 ones, and as a result the nuclear shell 28-50 emerged. But there is a well known competition between the l · s interaction and the q · q: in spherical nuclei l · s prevails, while in deformed nuclei q · q becomes dominant (section 7.3.2, exercise 7.6 of [17] ). Each type of interaction has its own magic numbers: the l · s creates the 28-50 shell, while the q · q applies in the 20-40 one. The final outcome in the intermediate region is the result of the competition among these two extremes. A review article about magic numbers, in which the role of the harmonic oscillator magic numbers is pointed out, can be found in ref. [18] .
Harmonic oscillator irreps
Using the shell 20-40, the valence protons and neutrons for 72 34 Se 38 are 14 and 18 respectively. The GT triangle for the 14 valence protons is Fig. (5) . The weight vector is w = (2, 2, 2, 2, 2, 2, 2, 0, 0, 0) and so the protons occupy the seven first orbitals |1 , ... |7 . Thus 14, 8] and (λ 2p , µ 2p ) = (6, 6) . Following the same procedure for the 18 valence neutrons the GT triangle is • , so the nucleus is oblate.
Conclusion
The HO magic numbers are proposed as a complementary set with the proxy magic numbers, to derive the properties of the first excited 0 + band of shape coexistence. This complementary set, from a theoretical point of view, emerges naturally, as the set of orbitals among which the algebraic q·q interaction has non zero matrix elements. Therefore the h.w. irreps by both HO and proxy magic numbers should be combined to explain the intriguing "shape coexistence". The proposed algebraic approach does not involve particle-hole excitations across the next major shell, thus it can also be used to predict open shell regions of shape coexistence.
